Abstract. In this paper, we characterize all curves over Fq arising from a plane section P : X 3 − e 0 X 0 − e 1 X 1 − e 2 X 2 = 0 of the Fermat surface S :
Introduction
Let F be the curve obtained by slicing the Fermat surface
with the plane P : X 3 − e 0 X 0 − e 1 X 1 − e 2 X 2 = 0, where d is a positive integer, e 0 , e 1 , e 2 ∈ F q , and F q is the finite field with q = p h elements, with p a prime number. In other words, let Characterizing this general curve F in terms of its rational points and its irreducible and nonsingular components presents many challenges. For instance, the particular case p = 2 and e 0 = e 1 = e 2 = 1 has been extensively investigated over the past decades (see [4] , [8] , [9] , [12] ). In this context, the following result was essential in Hernando and McGuire's proof of an important conjecture regarding exceptional numbers [4] .
Theorem (Hernando-McGuire). The polynomial
has an absolutely irreducible factor defined over F 2 for all d not of the form d = 2 i + 1 or d = 2 2i − 2 i + 1.
In this paper, we consider the problem of studying the curve given in (1.1) from another point of view. Based on techniques developed by Carlin and Voloch [2] , we characterize the curve C : C(X 0 , X 1 , X 2 ) = X where q = p h = 2d + 1 is a prime power, p > 3, and e 0 , e 1 and e 2 are arbitrary elements in F q . For such a curve, we give a complete description of the irreducible and nonsingular components and provide their number of F q -rational points. Consequently, we construct a family of curves attaining the Stöhr-Voloch bound and prove the following theorem, which is the main result of this paper. (i) The curve C is the union of N ∈ {0, 1, 2, 3} F q -lines and a nonsingular classical curve G of degree n; (ii) The possibilities for #G(F q ) are 1 2 n(n + q − 1) − 1 2 i(n − 2), with i ∈ {0, 1, 2, 3, n, 3n}. In particular, curve G meets the Stöhr-Voloch bound in (A.3).
It is worth mentioning that few examples of curves attaining the Stöhr-Voloch bound are known. Such explicit constructions are of interest in areas such as Finite Geometry and Coding Theory.
The present work is organized as follows. In Section 2, the F q -points and linear components of C are detailed. In particular, it is shown that if C is not the union of d lines, then
where i 0 , i 1 , i 2 ∈ {0, 1} and G(X 0 , X 1 , X 2 ) has no linear factors. In Section 3, it is shown that the curve G : G(X 0 , X 1 , X 2 ) = 0 is F q -disjoint from any linear component of C.
These facts are used to prove Theorem 1.1, which relies on important results obtained in [2] , [13] and [15] . Full details are given in Subsection 4.1. For general background on curves over finite fields, see [5] and [7] .
Notation
The following notation will be used throughout this text.
• The number of points of P 2 (F q ) on a curve F defined over F q is denoted by #F(F q ).
• The quadratic character on F q is denoted by η; that is,
• By the notation {η(e 0 ), η(e 1 ), η(e 2 )} = {0, 1, 1} it is meant that two of the values η(e 0 ), η(e 1 ), η(e 2 ) are equal to 1 and one is equal to 0; similarly for other cases.
• The points (1 : 0 : 0), (0 : 1 : 0) and (0 : 0 : 1) in P 2 (F q ) are denoted by P 0 , P 1 and P 2 , respectively. The points (−e 1 : e 0 : 0), (−e 2 : 0 : e 0 ) and (0 : −e 2 : e 1 ) are denoted by P 01 = P 10 , P 02 = P 20 and P 12 = P 21 , respectively.
• The sets
are denoted by A 0 , A 1 and A 2 , respectively.
Points and linear components of curve C
In this section, the F q -points and linear components of curve C given in (1.2) are investigated.
2.1.
Points with zero coordinates. The following lemma follows from the definitions. Lemma 2.1. If e 0 = e 1 = e 2 = 0, then a point (x 0 : x 1 : x 2 ) ∈ P 2 (F q ) is on curve C if and only if {η(x 0 ), η(x 1 ), η(x 2 )} = {−1, 0, 1}. In particular, #C(F q ) = 3d. Lemma 2.2. For a point P = (x 0 : x 1 : x 2 ) ∈ P 2 (F q ) with x 0 x 1 x 2 = 0, the following occurs.
(i) For i = 0, 1, 2, P i ∈ C(F q ) if and only if η(e i ) = −1;
(ii) Let i, j ∈ {0, 1, 2} be distinct elements such that x i x j = 0. Then P ∈ C(F q ) if and only if e i = e j = 0 and η(x i x j ) = −1 or η(−e i e j ) = −1 and P = P ij .
Proof. Let P = (x 0 : x 1 : x 2 ) be a point of P 2 (F q ) with x 0 x 1 x 2 = 0. Statement (i) follows directly from the definition of C. Suppose without loss of generality that x 0 x 1 = 0 and x 2 = 0. Then the following assertions are equivalent:
• P ∈ C(F q );
• e 0 = e 1 = 0 and η(x 0 x 1 ) = −1 or η(−e 0 e 1 ) = −1 and P = P 01 , which completes the proof.
Based on these results, the number of F q -points with zero coordinates is summarized in Table 1 , for all possible quadratic characters of e 0 , e 1 and e 2 .
{η(e 0 ), η(e 1 ), η(e 2 )} i = 2 i = 1 and d odd i = 1 and d even Table 1 . The number of Fq-points with i ∈ {1, 2} zero coordinates.
Points without zero coordinates.
A point P = (1 :
, with x 1 x 2 = 0, is on C(F q ) if and only if one of the following cases occurs: (1) η(x 1 ) = 1, η(x 2 ) = −1 and η(e 0 + e 1 x 1 + e 2 x 2 ) = −1;
(2) η(x 1 ) = −1, η(x 2 ) = 1 and η(e 0 + e 1 x 1 + e 2 x 2 ) = −1;
If N (i) is the number of points satisfying case (i), for i ∈ {1, 2, 3}, then N (1) , N (2) and N (3) 
and
Then the number N (i) , with i ∈ {1, 2, 3}, is determined by the following expressions, for all possible cases of e 0 , e 1 and e 2 .
(i) Case e 0 e 1 e 2 = 0
(ii) Case e 0 e j = 0, e k = 0, with j, k ∈ {1, 2}
(iii) Case e 1 e 2 = 0, e 0 = 0
(iv) Case e 0 = 0, e 1 = e 2 = 0 
Exactly one of the elements e 0 , e 1 , e 2 is zero {η(e 0 ), η(e 1 ), η(e 2 )} d odd d even
{0,1,1}
(q−1)(3q−5) 8
Exactly two of the elements e 0 , e 1 , e 2 are zero Table 2 . The number
2.3. Linear components. given by e i X i + e j X j = 0 and η(−e i e j ) = η(e k ) = −1, with {i, j, k} = {0, 1, 2}.
Proof. Let 0 = P 0 P 1 , 1 = P 0 P 2 , 2 = P 1 P 2 , and let : x 0 X 0 + x 1 X 1 + x 2 X 2 = 0 be a linear component of C. Since none of the lines i is a linear component of C, we have that must intersect each of the three lines 0 , 1 and 2 at the points (x 1 : −x 0 : 0), (x 2 : 0 : −x 0 ) and (0 : x 2 : −x 1 ) on C, respectively. The proof follows directly from Lemma 2.2 considering every possibility of {η(e 0 ), η(e 1 ), η(e 2 )}.
The table below summarizes the linear components of C when it is not the union of d lines. Table 3 . Linear components of curve C for e0e1e2 = 0.
Lemma 2.5. If e 0 , e 1 and e 2 are all nonzero, then the linear components of C have multiplicity at most 1. That is, none of (e 0 X 0 + e 1 X 1 )
Proof. Without loss of generality, assume that 0 : e 0 X 0 + e 1 X 1 = 0 is a component of C, and then η(e 2 ) = −1 by Lemma 2.4. Since
then e 2 = 0, which is a contradiction.
Preliminary result
Theorem 3.1. Let C be the curve given in (1.2). The union of the linear components of C is F q -disjoint from its remaining components.
Proof. Let N ∈ {0, 1, 2, 3, d} be the number of linear components of C. If N ∈ {0, d}, then the proof is complete. Now each of the remaining cases is considered separately. Case N = 1: Without loss of generality, let 0 : e 0 X 0 + e 1 X 1 = 0 be the linear component of C. Then, d is odd, η(e 0 ) = η(e 1 ) = 1, and η(e 2 ) = η(−e 0 e 1 ) = −1 (see Table 3 ).
Assume that the point P = (x 0 : x 1 : x 2 ) ∈ P 2 (F q ) lies on 0 and an additional component of C. Then the polynomial
vanishes at x 1 with multiplicity at least two. Therefore,
Since this is impossible, it follows that x 1 = 0 and
This implies that η(−1) = 1, which contradicts the fact that d is odd. Case N = 2:
Without loss of generality, let 0 : e 0 X 0 + e 1 X 1 = 0 and 1 : e 0 X 0 + e 2 X 2 = 0 be the linear components of C, and assume that P = (x 0 : x 1 : x 2 ) ∈ P 2 (F q ) lies on 0 and an additional component of C, but not on 1 . Then d is even, η(e 0 ) = 1, η(e 1 ) = η(e 2 ) = −1 (see Table 3 ), and the polynomial
Since this is impossible, it follows that x 1 = 0 and e 1 η(x 1 x 2 ) = e 2 x 2 x 1 .
If η(x 1 x 2 ) = 1, then e 1 x 1 = e 2 x 2 and P lies on 1 , which is a contradiction. On the other hand, if η(x 1 x 2 ) = −1, then e 1 = − e2x2 x1 and η(e 1 ) = 1, which is also a contradiction since η(e 1 ) = −1.
Assume that the point P ∈ 0 ∩ 1 lies on an additional component of C. Then
vanishes at x with multiplicity at least three. Therefore,
However, since e 0 x 0 + e 2 x 2 = 0, d is even and η(e 0 ) = 1, it follows that 2x
Let curve C have lines 0 : e 0 X 0 + e 1 X 1 = 0, 1 : e 0 X 0 + e 2 X 2 = 0, and 2 : e 1 X 1 + e 2 X 2 = 0. Then η(e 0 ) = η(e 1 ) = η(e 2 ) = −1 and d is odd (see Table 3 ). Without loss of generality, assume that P = (x 0 : x 1 : x 2 ) ∈ P 2 (F q ) lies on 0 and an additional component of C, but not on 1 and 2 . Thus
vanishes at x 1 with multiplicity at least two. Therefore, dg dX 1 (x 1 ) = dx
If η(x 1 x 2 ) = 1, then e 1 x 1 = e 2 x 2 and P ∈ 1 , which is a contradiction. If η(x 1 x 2 ) = −1, then e 1 x 1 + e 2 x 2 = 0 and P ∈ 2 , which is also a contradiction.
Without loss of generality, assume that P ∈ 0 ∩ 1 lies on an additional component of C, but P / ∈ 2 . Then
However, since e 0 x 0 + e 2 x 2 = 0, d is odd and η(e 0 ) = −1, it follows that 2x d−2 0 = 0, that is, x 0 = x 1 = x 2 = 0, which is impossible. Hence, for all possible cases, it has been shown that assuming P ∈ P 2 (F q ) to be a point on a linear component of C and on an additional nonlinear component of C leads to a contradiction.
Main result
Before proving the central result of this work, Theorem 1.1, in Subsection 4.2, we need the results presented in the following subsection.
4.1.
Frobenius classicality and absolute irreducibility. Let G be the union of the nonlinear components of C. Our objective here is to show that G consists of only one absolutely irreducible nonlinear component.
In cases where {η(e 0 ), η(e 1 ), η(e 2 )} is either {0, 0, 0} or {0, 0, 1}, we have that G = C is a Fermat curve, for which the absolute irreducibility is well known.
The study of the remaining cases is centered around a known result, namely [2, Theorem 1], which is presented in the appendix of this work in a slightly altered form as Theorem A.2. This result is important because it shows that G is absolutely irreducible if
where n is the degree of G. This is the case if and only if at least two of e 0 , e 1 and e 2 are nonzero, which includes all cases where
The following result uses notation given in Definition A.1. Proof. Let Q(X 0 , X 1 , X 2 ) ∈ F q [X 0 , X 1 , X 2 ] be the absolutely irreducible polynomial such that X is given by Q(X 0 , X 1 , X 2 ) = 0. It suffices to prove that Q Φ q (Q). Let R(X 0 , X 1 , X 2 ) ∈ F q [X 0 , X 1 , X 2 ] be such that C = QR, and note that
Therefore, it suffices to prove that Q Φ q (C).
, with X 3 = e 0 X 0 + e 1 X 1 + e 2 X 2 and d = (q − 1)/2, it follows that
From the polynomial identity
, which contradicts deg Q > 1. Hence, X is F q -Frobenius classical.
Proof of Theorem 1.1.
Proof. Given a specific set {η(e 0 ), η(e 1 ), η(e 2 )}, the number of F q -points with zero coordinates on C, denoted by M , is listed in Table 1 , and the number N (1) + N (2) + N (3) of F q -points without zero coordinates on C is determined in Subsection 2.2 and summarized in Table 2 . Hence,
By Subsection 2.3, the curve C has:
• exactly one linear component, if d is odd and {η(e 0 ), η(e 1 ), η(e 2 )} = {−1, 1, 1}, in which case #G(F q ) = #C(F q ) − (q + 1) and n = (q − 3)/2; • exactly two linear components, if d is even and {η(e 0 ), η(e 1 ), η(e 2 )} = {−1, −1, 1}, in which case #G(F q ) = #C(F q ) − (2q + 1) and n = (q − 5)/2; • exactly three linear components, if d is odd and {η(e 0 ), η(e 1 ), η(e 2 )} = {−1, −1, −1}, in which case #G(F q ) = #C(F q ) − 3q and n = (q − 7)/2.
In all other cases, C does not have a linear component, #G(F q ) = #C(F q ), and n = (q − 1)/2. Tables 4 and 5 summarize the number of linear components of C, the degree n of G, and the value of #G(F q ) for the cases in which d is odd and even. Note that rows (1) and (4) in Table 4 and rows (2) and (5) in Table 5 present two classes of curves. A simple check shows that two curves arising from any of the two classes in a particular row are projectively equivalent. Statement (ii) follows directly from the results in Tables 4 and 5 . Now the nonsingularity of G is discussed. The idea is to show that G attains the Stöhr-Voloch bound (A.3) and therefore show that it is nonsingular by Theorem A. 3 .
If
then the proof is complete. In all other cases, G = C and a direct calculation using the information in Tables 6  and 7 shows that, for an F q -point P with zero coordinates on C and tangent line P , the intersection multiplicity of C and P at P is I(P, C ∩ P ) = n. It follows immediately from Theorem A.3 and Tables 4 and 5 that the F q -points with zero coordinates on curve C are exactly its (total) F q -inflection points and that the Stöhr-Voloch bound (A.3) is attained. Hence, G is nonsingular.
Finally, the classicality of the curve G is an immediate consequence of Theorem A.4, since
for every k 1, and, by Theorem 4.1, the absolutely irreducible components defined over F q of curve G satisfies the Frobenius classicality condition in Theorem A.2. Further, the results in Tables 4 and 5 show that G meets the conditions to be absolutely irreducible given in Theorem A.2 in cases where G is not a Fermat curve. Since the absolute irreducibility of Fermat curves is well known, the proof of statement (i) is also complete.
{η(e 0 ), η(e 1 ), η(e 2 )} Points Tangent lines η(e 0 ) = 1, η(e 1 ) = 1, η(e 2 ) = 1
η(e i ) = −1, η(e j ) = −1, η(e k ) = 0
η(e 0 ) = 0, η(e 1 ) = 0, η(e 2 ) = 0 Table 6 . Fq-points P with zero coordinates on curve C with their respective tangent lines, for d odd and {η(ei), η(ej), η(e k )} = {η(e0), η(e1), η(e2)}, only in cases where #G(Fq) < 1 2 n(n + q − 1).
{η(e 0 ), η(e 1 ), η(e 2 )} Points Tangent lines η(e i ) = −1, η(e j ) = 1, η(e k ) = 1
η(e 0 ) = −1, η(e 1 ) = −1, η(e 2 ) = −1
η(e 0 ) = 0, η(e 1 ) = 0, η(e 2 ) = 0 Table 7 . Fq-points P with zero coordinates on curve C with their respective tangent lines, for d even and {η(ei), η(ej), η(e k )} = {η(e0), η(e1), η(e2)}, only in cases where #G(Fq) < 1 2 n(n + q − 1).
Appendix A. Rudiments of the Stöhr-Voloch Theory
In this appendix, we present some notions and basic facts from the Stöhr-Voloch Theory. We believe the results here are well known by the specialists. Nevertheless, as some of them are not explicitly stated in the literature, we provide their proofs.
, where Q X0 , Q X1 and Q X2 are the formal partial derivatives of Q(X 0 , X 1 , X 2 ). An absolutely irreducible curve F :
Otherwise, F is called F q -Frobenius classical.
Note that (A.2) has a geometric meaning; that is, the Frobenius map P → P q takes each simple point P ∈ F to the tangent line to F at P . Theorem A.2. Let F be a plane algebraic curve of degree m defined over F q . If all absolutely irreducible components of F defined over F q are F q -Frobenius classical, then In what follows, I(P, X ∩ Y) denotes the intersection multiplicity of curves X and Y at a point P .
Theorem A.3. Let F be an F q -Frobenius classical plane curve of degree m and let P 1 , P 2 , . . . , P s be the distinct inflection points of F defined over F q . If L i is the tangent line to F at P i and m i = I(P i , F ∩ L i ) 3 is the intersection multiplicity of F and L i at P i , for i = 1, . . . , s, then
If equality holds in (A.3), then F is nonsingular.
Proof. Let H be the curve given by Φ q (F ) = 0. Since F is F q -Frobenius classical, Bézout's Theorem gives If P ∈ F(F q ) is nonsingular and L is the tangent line to F at P , then direct computation shows that I(P, H ∩ L) I(P, F ∩ L). In particular, from [1, Lemma 3.3],
I(P, F ∩ H)
2, for all P ∈ F(F q ), m i , if P = P i . (i) I(P, F ∩ H) = 2, for all P ∈ F(F q ) \ {P 1 , . . . , P s };
(ii) I(P i , F ∩ H) = m i , for all i = 1, . . . , s; (iii) F ∩ H = F(F q ).
From the definition of H, it follows that any singular point P ∈ F must be a point of H and then assertion (iii) gives that P ∈ F(F q ). However, if P ∈ F(F q ) is singular, then P ∈ H(F q ) is singular and then I(P, F ∩ H) 2 · 2 = 4, which contradicts assertion (i). Hence, F is a nonsingular curve. Proof. Considering the notation as in [6] , let B q be the number of branches of F centered at points of P 2 (F q ). Therefore, since #F(F q ) B q , all that is needed is to show that for some k 1
where g is the genus of F. Note that the second inequality in (A.6) is trivial. The first one is proved by considering ν = 1 in inequality (3.1) in the proof of [6, Theorem 1.3] . In fact, since F is F q -Frobenius classical, 8v P (S) v P ([x(t)D (1) t y(t) − y(t)D
(1) t x(t)]) r + s − 1 ε, if v P (S) < rq, and v P (S) rq > rm rs ε otherwise. Hence, as F has an infinite number of inflection points, and then ε = p k for some k 1 (see [3, Proposition 2] ), the first inequality in (A.6) follows.
